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Abstract 

Let (M, g) be a compact connected orientable Riemannian mani- 
fold of dimension n > 4 and let Xk, p (g) be the k-ih. positive eigenvalue 
of the Laplacian A 9jP = dd* + d*d acting on differential forms of degree 
p on M. We prove that the metric g can be conformally deformed to a 
metric g', having the same volume as g, with arbitrarily large Ai jP (</) 
for ah>€ [2,n-2]. 

Note that for the other values of p, that is p = 0, l,n — 1 and n, 
one can deduce from the literature that, \/k > 0, the fe-th eigenvalue 
Afc )P is uniformly bounded on any conformal class of metrics of fixed 
volume on M. 

For p = 1, we show that, for any positive integer N, there exists 
a metric g^ conformal to g such that, \/k < N, \k,i(9N) = Xk,o(gN), 
that is, the first N eigenforms of A 9jVj i are all exact forms. 
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1 Introduction and Statement of Results 



Let M be a closed connected orientable differentiate manifold of dimension 
n > 2. For any Riemannian metric g on M, we denote by A 9>p = dd* + 
d*d the corresponding Laplacian acting on differential forms of degree p on 
M. The spectrum spec(A gtP ) of A g>p consists of an unbounded sequence of 
nonnegative eigenvalues which starts from zero if an only if the p-th Betti 
number b p (M) of M does not vanish. The sequence of positive eigenvalues 
of A 9iP is denoted by 

< < \p(g) ■ < >^k,p(9) < ► oo, 

The case p = corresponds to the Laplace-Beltrami operator acting on 
functions. 

The study of the behavior of the eigenvalues of the Laplacian under metric 
deformations constitutes one of the main topics in spectral geometry. In 
particular, it is of great interest to find situations where the behavior of 
Xk,p(g) forp> 1, differs completely from that of \k,o(g) (see for instance the 
situation of collapsing manifolds described in [CC] and [L]). 

In what follows, \k, p will be considered as a functional on the space 
Ai(M) of all Riemannian metrics of volume one on M (the "volume one" 
condition is a normalization since Xk ;P (cg) = \\k,p{.g))- We will also con- 
sider its restriction to a given conformal class of metrics of fixed volume 
[g] = {g' E M(M) \ g' is conformal to g}. 

There exists an extensive literature dealing with the scalar case p = 
(see for instance the introduction of [CE] for a synthetic presentation of the 
main results). In particular, it is well known that, 

(i) if n — 2, then Afc,o is bounded on M.(M). More precisely, if M is an 
orientable compact surface of genus 7, then, there exists a universal 
constant C such that \fk > 1, 

sup A fe)0 (<7) < C(7 + l)k (1) 

g£M{M) 

(see [YY] for k — 1 and [K] for general k). 

(ii) if n > 3, then A^o is not bounded on A4(M), that is (see [CD]) 

sup \i, (g) = 00. (2) 

geM(M) 
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(iii) \/g G Ai(M), X k0 is bounded on [g]. Indeed, there exists a constant 
C([g]) such that,'vfc > 1, 

sup A M (</) < C([g])0 n (3) 
g'e[g] 

(see [EI] for k = 1 and [K] for general fc). 

Problem : do these results still hold when we replace \ kj0 with \k )P , p > 1 ? 

Using the Hodge-de Rham decomposition theorem, one can easily see 
that for an orientable compact surface, \k,o{g) = ^k,i(g) — ^k,2(g)- Thus, 
the result (i) above is also valid for the eigenvalues of the Laplacian on forms. 

The case n > 3 and p > 1 was first considered by Tanno [T] who ex- 
amined a 1-parameter family of Berger metrics {gt) t on the sphere § 3 for 
which Ai i0 (<7t) — > oo as t — > oo, and showed that \i.i(gt) is bounded. On the 
other hand, Gentile and Pagliara [GP] proved that if n > 4, then for any 
p G [2,n — 2], Ai iP is not bounded on .M(M) : 

sup Xi, p (g) = oo. (4) 

gGM(M) 

Hence, the result (ii) above is still valid for Ai iP , 2 < p < n — 2. Note that 
the case p — 1 (and its dual p = n — 1) remains open. 

In this paper, we focus, as in the result (iii) above, on the restriction of 
the functional \k, p to a given conformal class of metrics of fixed volume [g] 
on M. As we saw in (iii) above, for any k > 1, A^o is bounded on [g\. Since 
dAgfi = A g ,id, the differential df of any eigenfunction / is an eigenform of 
degree 1 with the same eigenvalue. In particular, we have, V7c > 1, 

h,i{g) < A fe ,o(#). 

Consequently, A^i is also bounded on [g] and the result (iii) is still valid for 
the eigenvalues of the Laplacian acting on 1-forms. Thanks to the Hodge 
duality, the same is also true for the eigenvalues of the Laplacian on (n — In- 
forms and on n-forms. Thus, \k- p is bounded on [g] for p = 0, 1, n — 1 and 
n. 

Our main theorem shows that the situation differs drastically for the other 
values of p. Indeed, it turns out that if 2 < p < n — 2, then the functional 
Ai iP is never bounded on [g], whatever the conformal class [g] we consider. 
More precisely, one can conformally deform any metric g on M in such a 
way that the n — 3 eigenvalues Ai iP , 2 < p < n — 2, become simultaneously 
arbitrarily large. 
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Theorem 1.1 Let (M,g) be a compact Riemannian manifold of dimension 
n > 4 and let A be any positive real number. There exists a metric Qa 
conformal to g and having the same volume as g, such that, \/p e [2, n — 2], 

Ai, P (fiu) > A. 
In particular, Vp G [2,n — 2], we have 

sup Xi :P (g') = co. 
g'elg] 

Or, equivalently, 

sup{\i,p(g')V(g') 2 / n \ g' conformal to g} = oo, 

where V(g') denotes the volume of the manifold (M,g'). 

Note that when the supremum is taken over all the metrics of volume 
1, then there is no difference between the scalar case p = and the case 
2 < p < n — 2 (that is, sup 9eA/ ,( M -) \i, p {g) = oo) as proved in [GP]. 

As an application of Theorem 1.1 and the result of Korevaar (3) above, 
we obtain the following. 

Corollary 1.1 Let (M,g) be a compact Riemannian manifold of dimension 
n > 4. For any positive integer k, there exists a metric g^ conformal to g 
such that, M 2 < p < n — 2, 

^l,p(<7fc) > ^kfiidk) 

and 

\ P {9k) > A fe ,i(c/fe). 

If we set, like in [Tk], Gap^(<?) = Xk, P {g) — Xi jQ (g), then Corollary 1.1 
tells us that, VA; > 1 and I > 1, every conformal class of metrics [g] contains 
metrics g' satisfying, V2<p<n-2, 

GapgV) > and Gapg(«/) > 0. 

Recall that the gaps Gap°'],(g) = A fci0 (<?) — X ktl (g) between the eigenval- 
ues on functions and those on 1-forms are all nonnegative. An interesting 
question is to know whether the nature (zero or nonzero) of some of them is 
imposed by the differential or the conformal structures of the manifold. 

Takahashi [Tk] (see also [GS]) proved that any manifold M of dimension 
n > 3 admits both a metric g\ with Gap^^^i) = and a metric g<i with 
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Gap^^cfe) > 0. Thus, the nature of the first gap is not an invariant of the 
differential structure of M. 

The following result shows that there is no differential or conformal ob- 
struction for any finite number of gaps to be zero. Indeed, we have the 
following. 

Corollary 1.2 Let (M,g) be a compact Riemannian manifold of dimension 
n > 4. For any positive integer N, there exists a metric g^ conformal to g 
such that, Wk < N, 

Afc,i(<7jv) = Afc )0 (<7Ar), 
that is, the first N eigenforms of A 9N ^ are all exact forms. 

This means that, V7V e N, any metric g can be conformally deformed to 
a metric g^ & [g] whose iV first gaps vanish, that is, 

GapJiC&v) = ■■■ = Gap%] N (g N ) = 0. 

Finally, we point out that the existence of upper bounds on A^o under 
other types of restrictions has been investigated, for instance in [BLY] and 
[P]. It would be of course interesting to study the existence of such upper 
bounds for Ai )P with p > 1. 

2 Proof of Results 

The idea of the proof of Theorem 1.1 consists in showing that the construction 
of [GP] to produce large eigenvalues for forms may be realized by conformal 
deformations. As in [CE], we will use the fact that any manifold is locally 
almost Euclidean. This implies that we can suppose first that the metric 
is Euclidean on a small neighbourhood of a point, construct a conformal 
deformation of the Euclidean metric, and then show that, by quasi-isometry, 
it gives a conformal deformation of the initial metric with the property we 
want. 

Before going into the proof, let us recall some basic facts about the Lapla- 
cian on forms. Indeed, the Hodge-de Rham theorem gives the following or- 
thogonal decomposition of the space A P (M) of differential forms of degree p 
on M: 

A P (M) = KerA g:P © dA p_1 (M) © d*A p+1 (M). 

The operator A 9iP leaves this decomposition invariant. Hence, if we denote 
by {^fc, p (^); k > l} the eigenvalues of A 9iP acting on the subspace dA p ~ 1 (M) 
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of exact p-forms, and by {X'l, p (g);k > l} those corresponding to the sub- 
space d*A p+1 (M) of co-exact p-forms, then {Xk, P (g)',k > 1} is equal to the 
re-ordered union of {X' kp (g); k > l} and {\'^ p (g); k > l} : 

{X k M; k>l} = {Aj^fo); fc > 1} U {A^fo); fc > 1} . (5) 
Since d and d* commute with the Laplacian, we have, 

and then, 

{X k , p (g); k>l} = {X' kjP (g); A: > 1} U {\' k , p+1 (g); k > 1} . (6) 

Proof of Corollary 1.2 : For p = 1 we have, Vfc > 1, A' fcl (g) = X k ^{g) and 
then 

{A M (<7); > 1} = {A fcl o(y); fc > 1} U {X' k , 2 (g); k>l). 

Applying Theorem 1.1 and Korevaar's inequality (3), we get, for any positive 
integer N, the existence of a metric satisfying 

A'i, 2 (5iv) > C(\g])N$ > X n ,o(9n)- 

The result of the corollary follows immediately. □ 

Proof of Theorem 1.1. Recall first the idea of the proof in [GP]: they start 
with the manifold M, make a hole and glue what they call a cigar, that is the 
union of a standard half-sphere with a cylinder [0, L] x S'" -1 . Since a cigar is 
diffeomorphic to a ball, the resulting manifold is diffeomorphic to M. Then, 
they endow M with a metric g^ so that it induces the standard metric on 
the cigar and show that, as L — > oo, \\. p (gL) is uniformly bounded below by 
a positive constant for 2 < p < n — 2. They conclude by noticing that the 
volume of (M, g^) goes to infinity with L. 

First, let us show that the cigar may be realized as a conformal defor- 
mation of the n-dimensional Euclidean unit ball B n . Indeed, the Euclidean 
metric g euc has the following expression in polar coordinates 

g euc = dr 2 + r 2 da 2 , 

where < r < 1 and da 2 denotes the standard metric of the (n — l)-sphere 
§ n_1 . For any positive real number L, we multiply this metric by the following 
positive function f L of the parameter r 
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h(r) 



ifO<r<e- L , 

± if e' L <r < 1. 

The resulting metric jhSeuc on B n is so that the part ({r < e~ L }, figeuc) is 
isometric to (^B n , j^ay (dr 2 + r 2 dcr 2 )j that may be identified, via a stereo- 
graphic projection, with the standard half-sphere (of radius 1), while the part 
\er L < r < 1} endowed with the metric jh9euc = (^r) 2 + da 2 , is isometric to 
the standard cylinder ]0,L[xS n ~ l with the product metric. Hence, the ball 
(B n , jh9euc) is isometric to a standard cigar Cl of length L. 

Note that the function fi is only of class C 1 , but, using classical density 
results, it is possible to smooth it in order to get a smooth metric jhQeuc 
conformal to g euc and quasi-isometric to fiQeuc with a quasi-isometry ratio 
arbitrarily close to 1. 

As in [CE], we will need the two following remarks (see the remark 01 
and Lemma 2.3 (i) p. 343 of [CE]) : 

(i) if two Riemannian metrics gi, g<i on a manifold M are a-quasi-isometric, 
then for any smooth positive function /, the conformal metrics fg\ and 
fg2 are also a-quasi-isometric. 

(ii) if (M, g) is a compact Riemannian manifold and Xq G M, then for any 
positive S, there exists a Riemannian metric g$ on M which is flat in a 
neighborhood of x and (1 + 5)-quasi-isometric to g (that is, Vt> G TM, 
(l + 5)- 2 g 5 (v,v)<g(v,v)<(l + 5) 2 gs(v,v)). 

Now, let us fix a Riemannian metric g on M and a positive real number 
S G (0, 1). Thanks to the previous remark (ii), there exists a metric gs on M 
which is flat in a neighborhood of a point x G M and (1 + 5)-quasi-isometric 
to g. Up to a dilatation, we can suppose that this neighborhood contains an 
euclidean ball of radius 2 centered at Xq. On the ball of radius 1, B(xq, 1), 
we make the conformal change described above in order to get a cigar Cl of 
length L. On the annulus {1 < r < 2}, we interpolate by considering the 
conformal metric given in polar coordinates by h(r)(dr 2 + r 2 da 2 ), where h is 
any smooth function, | < h(r) < 1, satisfying 



1 h */l<r<|, 

h(r) 



1 if \ <r<2. 
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Hence, we get, VX > 0, a smooth metric g$,L on M conformal to g$ and such 
that a neighborhood of the point x is isometric to a standard cigar Cl of 
length L. In particular, (M,gs,i) contains a regular domain VLl naturally 
identified with the cylinder [0, L] x § n_1 . Moreover, the rest of the manifold 
(M — Qi,gs,L) does not depend on L (up to an isometry). Using arguments 
as in [GP] and [M], it is possible to compare the first eigenvalue \'i )P {gs,L) 
of the Laplacian A gsL acting on exact p-forms on M with the first positive 
eigenvalue Hi jP (Ql) of A 9SL acting on exact p-forms on VLl under absolute 
boundary conditions. Indeed, there exist three positive constants a, b and c, 
independent of L, such that (see [GP], Lemma 1) 



> 



+ C 



On the other hand, recall that for any integer p G [l,n — 2], the Laplacian 
acting on p- forms on the standard sphere §™ _1 admits no zero eigenvalues. 
Hence, Vp G [2, n — 2], we have 

IhA^l) = ^ 1;P ([0,L] xS"- 1 ) 

> min {/i li0 ([0, L]) + Ai iP (S n - 1 ), Aii,i([0, L\) + Ai^S"" 1 )} 

> min XUSr- 1 ). 

\<q<n—2 

Therefore, there exists a positive constant C, independent of L, such that, 
Vp G [2, n - 2] and VX > 0, we have 

K, p (g s , L ) > C. 

The volume one metric gs,L = V(gs,L)~ gs,L satisfies, \/p G [2,n — 2], 

K, p (9s,l) > CV(g 5 , L f- > KLl (7) 

for some positive constant K. 

Let us denote, VT > 0, by 4>l the conformal ratio between g§ t L and g$, 
that is gs,L — ^lOs- The meric g^ = (fi^g is then conformal to g and (1 + 5)- 
quasi-isometric to gs,L ( see remark (i) above). The volume of g L is bounded 
below by (1 + 5)~ n V(gs,L) = (I + 5)~ n while its first eigenvalue on exact p- 
forms satisfies \' 1>p {g L ) > (1 + 5)~ 2(n+2p+1) A' liP (^ iL ) (see [D] prop. 3.3 p.441). 
Hence, for any p G [2, n — 2], we have 

^(yjV^jS > KL^ (8) 
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for some positive constant K. 

In dimension n = 4, the space A 2 (M) is invariant by the Hodge star 
operator * which commutes with the Laplacian and satisfies *dA 1 (M) = 
d*A 3 (M). Consequently, using (5) above, \\^{g L ) = ^[,2(9 l) = K,2(9 L ) an d 
then 



In dimension n > 5, for any p — 2, 3, . . . , [|], where [|] is the integer part of 
|, we have 2<p<p+l<n— 2, and then, using (6) and (8) above, 



This last estimate still holds for p = [|] + 1, . . . , n — 2 since we have Xi tP (g L ) = 
\i t n- P (g L ) thanks to the Hodge duality. 

Finally, we have, Vn > 4 and Vp G [2, n — 2], 



and then Ai^g^V^) ™ — > oo as L — > oo. Theorem 1.1 follows immediately. 

□ 
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